In this paper we investigate the possibility of measuring the general relativistic gravitoelectric contribution P (GE) to the orbital period P of the transiting exoplanet HD 209458b. It turns out that the predicted magnitude of such an effect is ∼ 0.1 s, while the most recent determinations of the orbital period of HD 209458b with the photometric transit method are accurate to ∼ 0.01 s. This would imply that, for the first time, also general relativity should be accounted for in the accurate modelling of the observations in a planetary system outside our Solar System.
Introduction
In this paper we investigate the possibility of performing a test of general relativity, in its weak-field and slow-motion approximation, for the first time in a planetary system other than our Solar System 1 .
More precisely, it has been shown (Soffel 1989; Mashhoon et al. 2001 ) that the general relativistic gravitoelectric (GE) part of the gravitational field of a static, spherically symmetric mass 2 also induces an additional small correction P (GE) to the Keplerian orbital period P (0) of a test particle. For a circular orbit of radius a around a body of mass M it is, to order O(c −2 )
where G is the Newtonian gravitational constant and c is the speed of light in vacuum. Such an effect has not yet directly been measured. The possibility of detecting it in the Sun-Mercury system, for which it amounts to P (GE) ∼ 0.3 s, has preliminarily been studied in (Iorio 2005) . At first sight rather surprisingly, it may be easier to detect P (GE) in some of the recently discovered exoplanets than in our Solar System. Indeed, many of the exoplanets whose parameters and ephemerides are best known have masses comparable to that of Jupiter and orbital periods of just a few days. This allows for a high accuracy-to a subsecond level in some cases-in measuring their periods from combined photometric transit and spectroscopic radial velocity measurements. Indeed, it is more likely to observe a transit if the orbital period is short. Moreover, the magnitude of the disturbing effects can only be observed if the main star is not too massive and the planet is not too light. Of course, such kind of measurements could not be performed in the case of Mercury due to its extremely tiny perturbing effect on the Sun and its relatively long period of almost 88 days. Only difficult and rather sparse astrometric measurements could be done.
The Two-Body Relativistic Correction to the Orbital Period
In the first post-Newtonian approximation, the motion of two particles of rest masses M and m, each one moving in the gravitational field of the other, can be studied in the post-Newtonian center of mass frame (Soffel 1989 ). In the standard isotropic coordinate 3 r, not to be confused with the Schwarzschild radial coordinate r ′ which, for M >> m, is r ′ = r(1 + GM/2c 2 r) 2 , the general relativistic equation of motion is (Soffel 1989) 
where µ ≡ G(M + m), σ ≡ M m/(M + m) 2 and the overdot represents the time derivative.
In the case of circular orbits, i.e. r ·ṙ = 0, which often occur in many exoplanets close to their star, the post-Newtonian acceleration is entirely radial. In polar coordinates (2) reduces to
The orbital period can easily be calculated from (3) for r =const≡ a. Froṁ
one gets that the time P required for φ in describing an angular interval of 2π is P = P (0) + P (GE) with
Note that for M >> m, i.e. µ → M and σ → 0, (6) √ µa ∼ 0.1 s, while σ/3 ∼ 10 −4 , so that it can safely be neglected in the subsequent analysis 4 .
The HD 209458b System
The most interesting system, for our purposes, is 5 HD 209458b which, of more than 150 recently discovered extrasolar planets, is the first known to transit its star (Charbonneau et al. 2000; Henry et al. 2000) . The most recent determinations of its parameters and ephemerides, based on twentyseven transit events in four bandpasses and on more than three years of high-precision radial velocities, are due to Wittenmyer et al. (2005) . Its main star, 47 pc far from us, has a mass which has been estimated by Cody & Sasselov (2002) to lie in the range M/M ⊙ = 1.06 ± 0.13. It is important to note such a range does not come from a direct measurement, i.e. M is not one of the fifteen system's parameters simultaneously fitted in the global data reduction of HD 209458 by means of the Eclipsing Light Curve (ELC) code (Orosz & Hauschildt 2000) . It is an interval based on stellar evolution models and measurements of luminosity and temperature: no dynamical effects related in some ways to relativistic orbital motions have been used. M has been held fixed in (Wittenmyer et al. 2005) and different values for its mass have been adopted.
The multi-color transit light curves allow to measure, among other things, the inclination i.
The radial velocity curve allows to determine the mass function
from which the planet's mass m can, thus, be deduced, for a given value of the stellar mass M . Note that the adopted model for f (m) is entirely Newtonian. Finally, the semimajor axis a can be obtained from the relation which links it to the measured orbital period P and the system's masses. The Kepler's third law (5) In regard to P (GE) , it turns out that, by using (1), the adopted span for M and the measured values for a it ranges from 0.095 s to 0.112 s. Note that the assumption of a circular orbit for HD 209458b, adopted also by Wittenmyer et al. (2005) in their analysis, is consistent with a tidal circularization time of order 10 8 years (Bodenheimer, Laughlin & Lin 2003) and radial velocity observations (Mazeh et al. 2000) .
The orbital period is measured independently of any gravitational theory model as one of the fifteen parameters of the fit to the observations with the ELC software. Such important parameter has been determined with high accuracy by combining the ground-based observations, the transits observed with the photomultiplier tubes (PMTs) in the Fine Guidance Sensor (FGS) of the Hubble Space Telescope (HST) and the transits observed with the Space Telescope Imaging Spectrograph (STIS) over many cycles. The quoted value in (Wittenmyer et al. 2005 ) is
The uncertainty in P is thus 0.016 s. Similar results have also been obtained by Schultz et al. (2004) who quoted
with an uncertainty of 0.025 s. They are very important achievements because they show that the predicted relativistic component of the orbital period P (GE) falls into the measurability domain. As a consequence, such an effect should be accounted for in modelling both the mass function and the orbital period in order to refine the measurements of m and a However, it must be noted that there is still a discrepancy of 0.126 s between the two measurements: it is as large as the relativistic effect itself. Such an uncertainty is due to the fact that, despite their very high photometric precision, neither the FGS or STIS can obtain an uninterrupted observation of the transit due to the low orbit of the HST. The data from the Canadian Microvariability and Oscillations of STars (MOST) satellite, launched in June 2003, should overcome these problems enabling to continuously observing HD 209458 for many transits with exceptionally high precision (Rucinski et al. 2003 ).
Discussion and Conclusions
In this paper we have shown that the accuracy with which it is nowadays possible to determine the ephemerides of the transiting extrasolar planet HD 209458b requires the use of general relativity for accurately modelling the observations. In particular, the orbital period P is measured with a ∼ 0.01 s precision, while the relativistic prediction for the correction P (GE) to the Keplerian period P (0) amounts to ∼ 0.1 s. It would be the first test of the linearized weak-field and slow motion approximation of general relativity outside our Solar System. It is likely that near-future more accurate measurements of the orbital periods of some of the exoplanets closest to their main stars will allow to extend this possibility also to them. Indeed, one of the goals of the joint CNES-ESA COnvection ROtation and planetary Transits (COROT) mission (http://sci.esa.int/science-e/www/area/index.cfm?fareaid=39), to be launched in 2006, is the discovery of new transiting giant gaseous planets 6 close to their stars, i.e. with periods ranging from a few days to three months. At present, the relativistic component of the orbital periods of the so far discovered exoplanets, other than HD 209458b, turns out to be too small by one order of magnitude to be detected.
